Extending band-limited constructions of orthonormal refinable functions, a special class of periodic functions is used to generate a family of band-limited refinable functions. Characterizations of Riesz bases and frames formed by integer shifts of these refinable functions are obtained. Such families of refinable functions are employed to construct band-limited biorthogonal wavelet bases and biframes with desirable time-frequency localization.
Fixing notations, let ·, · and · 2 be the usual inner product and norm of the space L 2 (R).
We denote the Fourier transform of f ∈ L 2 (R) byf ; and for f ∈ L 1 (R) ∩ L 2 (R),f takes the form f (ξ) := ∞ −∞ f (x)e −ixξ dx, ξ ∈ R. Let I be a countable index set. A sequence {v n } n∈I in L 2 (R) is a frame for L 2 whereâ is a 2π-periodic measurable function known as a refinement mask. If φ ∈ L 2 (R) is refinable with |φ| > 0 on a neighborhood of 0 andâ bounded, then the sequence of subspaces {V j } j∈Z defined by
In Section 2, we consider a special class of refinement masks and its corresponding family of band-limited refinable functions. Such a family of refinable functions, which we denote by B δ,Ω where 0 < δ ≤ Ω ≤ 2π/3, is a natural extension of the Shannon's and Meyer's scaling functions.
For any φ ∈ B δ,Ω , its Fourier transform is supported on [−2Ω, 2Ω] and takes the value 1 on [−2δ, 2δ].
We also provide characterizations of whether the integer shifts of φ form a Riesz basis or a frame for their closed linear span. These characterizations are particularly simple to check. In Section 3, we illustrate how the band-limited refinable functions in B δ,Ω could be readily used to construct band-limited wavelets with desirable time-frequency localization. Two setups are considered, one for constructing biorthogonal Riesz bases and the other for frames of L 2 (R). In particular, we illustrate how explicit expressions for the Fourier transforms of the wavelets could be obtained from the class of refinement masks.
Band-limited refinable functions
A function φ ∈ L 2 (R) is said to be band-limited if suppφ ⊆ [−Ω, Ω] for some Ω > 0. Bandlimited orthonormal refinable functions often take the form of bell-shaped functions in the Fourier domain, with their refinement masks of similar shapes (see for instance [2, 16] ). Extending from this form, we consider a rather natural class of 2π-periodic functions and a corresponding family of band-limited functions. The former provides a general collection of refinement masks, while the latter contains band-limited refinable functions generated by these masks, which are not necessarily orthonormal. 
The following theorem shows that a refinable function in the family B δ,Ω has a corresponding refinement mask in the class A δ,Ω , and vice versa. 
Proof: Forâ ∈ A δ,Ω , we define φ ∈ L 2 (R) by setting its Fourier transform aŝ 
(For x ∈ R, x denotes the smallest integer greater than or equal to x.) Using the fact that
, Ω] together with Ω ≤ 2π/3, we havê 
Conversely, for φ ∈ B δ,Ω , letâ be the 2π-periodic extension of the function 
On the other hand, beginning withφ ∈ B δ,Ω ∩ C k (R), it follows from the restriction of
Sinceâ in Theorem 2.1 is a 2π-periodic function, it is natural to ask whether the assumption of Ω ≤ 2π/3 could be relaxed, for instance, to Ω ≤ π. This is not possible because if 2π/3 < Ω ≤ π,
we have 2π − Ω < 2Ω and for 2π − Ω < |ξ| < 2Ω, the left-hand side of (1.2) equals 0 while the right-hand side is nonzero.
For 0 < δ ≤ Ω ≤ 2π/3, starting fromâ ∈ A δ,Ω , it follows from Theorem 2.1 that φ as defined in
, 2δ] andâ is bounded, the sequence of subspaces {V j } j∈Z given by (1.3) forms a multiresolution analysis of L 2 (R). Proof: For part (a), it is well known (see for instance [3] ) that the integer shifts of φ form a Riesz basis for V 0 if and only if there exist constants A, B > 0 such that
where Φ is the 2π-periodic function defined by
By standard calculation, it follows from (1.2) that
Using (2.3), this leads to
which is not possible.
we have also used the continuity ofâ on (−π/2, π/2). Thus lim
Conversely, we shall establish (2. 
For ψ,ψ ∈ L 2 (R), (X(ψ), X(ψ)) is said to be a pair of biorthogonal wavelet bases for L 2 (R) if each of X(ψ) and X(ψ) forms a Riesz basis for L 2 (R) and ψ
In [12] and [13] , a general approach for constructing biorthogonal wavelet bases is developed. Here, we adapt a certain perspective of [12] and [13] and focus on constructing band-limited wavelets based on pairs of refinement masks from
Suppose thatφ,φ are respectively generated byâ andâ as in (2.1), and set
(ψ)) forms a pair of band-limited biorthogonal wavelet bases for L 2 (R).
Proof:
, we observe from (3.1) and (3.2) that for
Since Ω > π/2 and Ω 0 > π/2, on the interval [−π/2, π/2] the functionââ 0 is positive and continuous, and therefore bounded from below. So it follows from (3.4) that the π-periodic function |d| is bounded above and below by positive constants. As a result,â in (3.1) is well defined and it simplifies toâ
By the properties ofâ andâ 0 , this shows thatâ ∈ Aδ ,Ω 0 whereδ = min{δ, δ 0 , π − min{Ω, Ω 0 }}. In addition,â,b,b ∈ C k (R). Applying Theorem 2.1 and (3.3) , we see thatφ,φ,ψ,ψ ∈ L 2 (R)∩C k (R).
To establish that (X(ψ), X(ψ)) is a pair of biorthogonal wavelet bases for L 2 (R), we shall invoke [13, Theorem 3.1] . To this end, we verify easily thatb(0) =b(0) = 0 and
In addition, we use [13, Corollary 2.2] to ensure the positivity of the quantities ν 2 (â) and ν 2 (â) required in [13, Theorem 3.1] . This is possible under our setting of Ω > π/2 and Ω 0 > π/2, because by part (a) of Theorem 2.2, the integer shifts of φ and the integer shifts ofφ form Riesz bases for their respective closed linear spans. Hence the proof is complete.
Defineφ by (2.1), andψ
and X(ψ) forms a Riesz basis for L 2 (R).
Proof: The result follows from Theorem 3.1 by choosingâ 0 =â which givesb(ξ) = e −iξâ (ξ + π),
It is shown in [8, 14] that beginning with a B-spline function, or more generally a pseudo-spline function, the wavelet ψ defined in (3.5) via the alternating flip formula (3.6) generates a Riesz basis
On the other hand, as shown in [12] , there exists a compactly supported refinable function which does not give a Riesz basis for L 2 (R) through (3.6). Corollary 3.1 examines this possibility for band-limited refinable functions and adds another family of Riesz wavelets created by the alternating flip formula. (In Corollary 3.1, the complex conjugation in (3.6) can be removed asâ is real-valued.) where m ∈ N and g is a
is inspired by the refinement mask of the Meyer's scaling function, which is the case of δ = π/3, Ω = 2π/3 and m = 1 (see for example [16, 20] ). Since g ∈ C k (R), it follows from (3.7) that bothâ and its correspondingφ in (2.1) also lie in C k (R). With a higher value of k, we obtain a refinable function φ with better decay. In particular, when k = ∞, this gives a refinable function φ in the Schwartz class. There are various possible choices of g. For instance, to construct g in C ∞ (R), as in [20] , we could define is replaced by u(t) := t k for k ≥ 0 and vanishes elsewhere, then we obtain g in C k (R) of the form
(3.9)
Applying Corollary 3.1 toâ defined in (3.7), withφ given by (2.1) andψ by (3.6) and (3.5), the affine system X(ψ) forms a Riesz basis for L 2 (R). In addition, together with the correspondingψ generated in Theorem 3.1 whenâ 0 =â, (X(ψ), X(ψ)) forms a pair of biorthogonal wavelet bases for L 2 (R).
As an illustration, we choose δ = π/3, Ω = 2π/3, m = 2, and g as in and X(ψ 1 , . . . ,ψ n ) forms a frame for L 2 (R), and
where
We shall employ the mixed oblique extension principle (see [7] and also [3, 4] ) to obtain band-limited biframes for L 2 (R). The mixed oblique extension principle does not require the integer shifts of the underlying refinable functions to form frames for their respective closed linear spans. This is fortunate because otherwise by part 
P is a π-periodic function given by 13) and 0 < < 1. Then (X(ψ 1 , ψ 2 ), X(ψ 1 ,ψ 2 )) forms a pair of biframes for L 2 (R). Furthermore, 
Likewise,ψ 2 ≡ 0 if and only if 2Ω ≤ π − Ω; and
Proof: Since Ω < π/2 andâ(ξ)â(ξ) ≤ 1 for all ξ ∈ R, it follows from (3.13) that P (ξ) ≥ 0 for all ξ ∈ R. Thus the expressions in (3.11) and (3.12) are well defined, and they satisfy the By setting δ =δ, Ω =Ω,â =â and = 1/2 in Theorem 3.2, we obtain a result on tight frames.
φ, ψ 1 , ψ 2 be defined as in (2.1) and (3.10), wherê
(3.14)
Then X(ψ 1 , ψ 2 ) forms a tight frame for L 2 (R). In addition,
ψ 2 ≡ 0 if and only if Ω ≤ π/3; and
While Theorem 3.2 and Corollary 3.2 give biframes and tight frames for L 2 (R), further care is needed if we would like the Fourier transforms of the resulting framelets to lie in C k (R) for some k ∈ N ∪ {∞}. This is because for P in (3.13) withâ,â ∈ C k (R), the functions P and P 1− , 0 < < 1, utilized in (3.11) may not lie in C k (R). The situation in (3.14) is more manageable, which we demonstrate in the example below.
It should also be mentioned that by adapting the ideas and constructions in [6] , one could find other setups ofb 1 ,b 1 ,b 2 ,b 2 , instead of (3.11) and (3.12), in which the mixed oblique extension principle gives band-limited framelets with Fourier transforms in C k (R). These setups involve more general fundamental functions, in contrast to the specific fundamental function θ(ξ) = 1 − P (ξ) in the proof of Theorem 3.2. Hence, for k ∈ N ∪ {∞}, applying (2.1), (3.10) and (3.14),ψ 1 ,ψ 2 ∈ C k (R) whenever g ∈ C k (R). As noted in Example 3.1, g could be given by (3.9) for k ∈ N, and by (3.8) for k = ∞. Corollary 3.2
shows that the former gives tight framelets with reasonably good decay properties and the latter leads to tight framelets in the Schwartz class.
To illustrate this construction, we choose δ = π/6, Ω = π/3, and g as in (3.9) with k = 10. By Corollary 3.2, ψ 2 ≡ 0 and we obtain a tight frame X(ψ 1 ) for L 2 (R), which is generated by a single band-limited framelet ψ 1 withψ 1 ∈ C 10 (R) and suppψ 1 = [−2π/3, −π/6] ∪ [π/6, 2π/3]. Figure 2 shows the graph ofψ 1 . 
